We study global obstructions to the eigenvalues of the Ricci tensor on a Riemannian 3-manifold.
Introduction
Let (M, g) be a Riemannian 3-manifold. Because the Weyl tensor vanishes in dimension three, the curvature of (M, g) is completely determined by its Ricci tensor. We can associate to this Ricci tensor a smooth endomorphism of the tangent bundle TM, denoted byRic : TM → TM, whose fiberwise action X →Ric p (X) is the unique vector satisfying g(Ric p (X), Y) = Ric p (X, Y) for all Y ∈ T p M.
The eigenvalues ofRic are known as the principal Ricci curvatures. This paper is motivated by the following question: On a Riemannian 3-manifold, are there global obstructions to the possible values of the principal Ricci curvatures? In addition, we attack this problem using a new tool adapted from gravitational physics, namely the Newman-Penrose formalism [8] . Although this originated in the study of gravitational physics on Lorentzian 4-manifolds, nevertheless, as we show in this paper, it is in fact ideally suited to studying the divergence, twist, and shear of constant length vector fields on Riemannian 3-manifolds, properties which we define in Section 2 below. Therefore a secondary goal of our paper is to promote the further study of this formalism in the study of Riemannian 3-manifolds.
Returning to the problem of principal Ricci curvatures, the reason we are interested in the global case is because there are in fact no local obstructions: it has been shown in [12] , and later, by a different method, in [5] , that given any three smooth functions f 1 , f 2 , f 3 on ℝ 3 , there always exists a Riemannian metric on ℝ 3 whose corresponding principal Ricci curvatures are (f 1 , f 2 , f 3 ). As an example of a global, topological obstruction, our first result shows that this is no longer the case if the 3-manifold is closed:
Theorem 1. On a closed 3-manifold M, there is no Riemannian metric with principal Ricci curvatures −μ, f, f when μ is a positive constant and f is a positive smooth function on M.
This generalizes a result in [15] , which proved the case when f is constant. In fact the signature (− + +) has an interesting history. In [7] , J. Milnor showed that three-dimensional Lie groups with left invariant Riemannian metrics furnish examples of manifolds with principal Ricci curvatures of globally fixed signatureexcept for the signatures (−++), (0++), and (0+−). Indeed, we next examine the signature (0 + −) in the special case when the manifold is scalar flat, which is to say, when the nonzero principal Ricci curvatures have the same magnitude: 0, f, −f . The obstruction in this case concerns the vector field spanning the zero eigenspace: Theorem 2. Let (M, g) be a closed, scalar flat Riemannian 3-manifold. If the zero eigenspace of the Ricci tensor has a unit length vector field with geodesic and divergence-free flow, then (M, g) is flat.
To interpret Theorem 2, note that if a scalar flat Riemannian 3-manifold has zero as a principal Ricci curvature, then its only possible signatures are (0+−) or (000). In fact our techniques enable us to show that if the vector field in question has geodesic flow but is not necessarily divergence-free, then the principal Ricci curvatures may be of the form (0+−), but they cannot be constants. Theorem 2 is the most technical of our results, and in fact it relies in a crucial way on a very deep result from contact geometry, namely the positive resolution of the Weinstein Conjecture in dimension 3 by C. Taubes in [14] . Briefly, recall that a contact form on a smooth manifold M is a one-form θ such that dθ is nondegenerate on the kernel of θ, where d is the exterior derivative. The Reeb vector field of θ is the unique vector field X satisfying θ(X) = 1 and dθ(X, ⋅ ) = 0. The Weinstein conjecture states that on a closed manifold, the Reeb vector field of any contact form has a closed orbit. In Theorem 2, the one-form to which we apply the Weinstein Conjecture is of the form g(X, ⋅ ) for some unit length vector field X with geodesic flow: ∇ X X = 0. In such a case, X itself will be the Reeb field of this one-form. (In fact Theorem 2 is inspired by [3] , as presented in [9, p. 348] , which showed that if a Ricci-flat Lorentzian 4-manifold has a diagonalizable curvature operator with a zero eigenvalue, then it is flat.)
Our techniques allow us to also say something about the signature (0 + +), in the case when the two positive eigenvalues are equal. In fact this case is distinguished from the others, for the following reason. Let (M, g) be a Riemannian 3-manifold whose principal Ricci curvatures are (0, f, f), where f is a smooth positive function. Let k be a nowhere vanishing vector field that spans the zero eigenspace. Then it is straightforward to show that the Case (0, f, f) is equivalent to R(k, ⋅ , ⋅ , ⋅ ) = 0, where R is the Riemann curvature 4-tensor; in particular, a 2-plane has zero sectional curvature if and only if it contains k. This is an example of a manifold with conullity 2. Specifically, the nullity space of (M, g) is defined at each p ∈ M to be the subspace {X ∈ T p M : R p (X, ⋅ , ⋅ , ⋅ ) = 0}, and the dimension of this subspace is called the nullity of M at p. For such a 3-manifold, our techniques allow us to recover a result that follows from results established in both [13] and [11] .¹ Namely, if (M, g) is complete and f is a positive constant, so that (M, g) has constant positive scalar curvature, then its universal cover must split isometrically: Theorem 3 ([13; 11] ). Let (M, g) be a complete Riemannian 3-manifold with constant positive scalar curvature. If there exists a nowhere vanishing vector field k satisfying R(k, ⋅ , ⋅ , ⋅ ) = 0, then the universal cover of (M, g) splits isometrically as ℝ ×Ñ.
The unifying feature of these three theorems is the existence of a preferred unit length vector field: the one spanning the negative eigenspace in (−++) and the ones spanning the zero eigenspaces in (0+±). Our method of proof is to examine the properties of this preferred vector field using the Newman-Penrose formalism [8] (see also [9, Chapter 5] ), which was adapted to Riemannian 3-manifolds in [1] . Indeed, another geometric situation in which a vector field is distinguished is that of a Ricci soliton. We therefore close our paper with a few results meant to illustrate that the Newman-Penrose formalism is naturally adapted to this setting as well. Recall that a Riemannian manifold (M, g) is a Ricci soliton if there exists a vector field k and a constant λ such that Ric + 1 2
where ℒ is the Lie derivative. For a recent survey of Ricci solitons and their relation to the Ricci flow see [4] . The Ricci soliton is said to be shrinking, steady, or expanding if, respectively, λ > 0, λ = 0, or λ < 0. 
In particular, if S is positive or negative, then the Ricci soliton in Lemma 2 must be shrinking or expanding, respectively. Finally, if we allow for the conullity 2 condition R(k, ⋅ , ⋅ , ⋅) = 0, then non-Einstein Ricci solitons are guaranteed to exist by Theorem 3, but the choice of 3-manifolds is restricted: 
Formalism and conventions
In this section we give an overview of the Newman-Penrose formalism for Riemannian 3-manifolds, as established in [1] . In what follows, we use the notation "⟨ , ⟩" to denote the metric g, and our sign convention for the Riemann tensor is
Given a local orthonormal frame in (M, g) of the form {k, x, y}, begin by combining x and y into complexvalued vector fields
and work with the complex triad {k, m, m} in place of {k, x, y} (doing this is not necessary, but it allows us to call upon equations already derived in [1] ). Observe that ⟨m, m⟩ = ⟨m, m⟩ = ⟨k, m⟩ = ⟨k, m⟩ = 0, where, e.g., ⟨k, m⟩ = 1
√2
(⟨k, x⟩ − i⟨k, y⟩), while ⟨m, m⟩ = ⟨k, k⟩ = 1. Since we need the components of both the Riemann 4-tensor and Ricci tensor with respect to a complex triad {k, m, m}, we observe here that the latter is given by
Next, define the following complex-valued quantities, which comprise the objects of study in the Newman-Penrose formalism:
These so-called spin coefficients were first introduced for null vector fields k on Lorentzian 4-manifolds in [8] .
The first three spin coefficients in (3) are particularly important, as they encode geometric information regarding the flow of k. For one, the flow of k is geodesic, by which is meant that ∇ k k = 0, if and only if κ = 0 (if κ = ε = 0, then the vector fields x and y are parallel along the geodesic flow of k). Next, denoting the divergence of k by div k, the real and imaginary parts of the spin coefficient ρ are
where the smooth function ω := ⟨∇ y k, x⟩ − ⟨∇ x k, y⟩ 
is the (complex) shear associated to k's flow: its magnitude |σ| at any point determines whether an infinitesimal cross section of the flow deforms at that point into an ellipse of the same area. It is straightforward to verify, for example, that k is parallel if and only if κ = σ = ρ = 0. Certainly the vanishing of κ is independent of {x, y}; so, too, is the vanishing of ρ and σ (see e.g. [9, p. 327ff]). Indeed, |σ| 2 is the determinant of the tracefree symmetric part of the left-hand matrix in (17) below, while ω 2 is the determinant of its skew-symmetric part. Therefore both |σ| 2 and ω 2 are frame-independent smooth functions on M. Note that ε = i⟨∇ k x, y⟩ is purely imaginary. 
We do the same with the two differential Bianchi identities
which then take the forms, respectively,
For a fuller treatment of these derivations consult [1] .
The signature (−++)
Proof of Theorem 1. Let g be Riemannian metric on a closed 3-manifold M with (globally defined) principal
Ricci curvatures −μ, f, f , where μ is a positive number and f is a smooth function on M that never takes the values 0, −μ. Consider first the case when M is simply connected. The smooth bundle endomorphism Ric + μI : TM → TM has nullity one at every point, hence its kernel X := ker (Ric + μI) is a smooth real line bundle over M; see e.g. [6, Theorem 10.34, p. 266]. As M is simply connected, X therefore has a smooth global section k ∈ Γ(X) of unit length. SinceRic is self-adjoint, it admits a local orthonormal basis of eigenvectors {k, u, v} such thatR
It follows that with respect to the corresponding local complex triad {k, n, n}, where n := 1
√2
(u − iv) (and whose corresponding spin coefficients below we denote with a subscript " * "), the components of the Ricci tensor satisfy
Let us first assume that f satisfies k(f) = 0. Then, inserting (14) into the differential Bianchi identities (11) and (12) yields κ * = ρ * +ρ * = 0, so that the flow of k is geodesic (κ * = 0) and divergence-free (ρ * +ρ * = 0). Inserting these into the curvature identity (6), its real part simplifies to
Since |σ * | 2 and ω 2 * are frame-independent, (15) is frame-independent and holds at each point of M. We now replace the vector fields u and v with global ones more suited to the geometry, as follows. Consider the normal subbundle k ⊥ ⊂ TM and the smooth bundle endomorphism
(This is well-defined because k has unit length.) In terms of the spin coefficients ρ * and σ * , the matrix of D at a point p is given by
By virtue of (15), each D p has two distinct eigenvalues ±√μ/2. Therefore the two smooth bundle endomor-
have nullity one at every point, in which case X ± := ker (D ± √μ/2I) admit nowhere vanishing global sectionsx ∈ Γ(X − ) andỹ ∈ Γ(X + ). Now replace these with the global vector fields
chosen to have unit length. Writing the matrix D with respect to this new global (orthonormal) frame {k, x, y}, whose corresponding global complex triad we denote by {k, m, m}, it follows from (17) and the identity Dx = √μ/2x that its spin coefficient σ (not to be confused with σ * above, though of course |σ * | 2 = |σ| 2 ) satisfies re(σ) = −√μ/2 and im(σ) = ω/2. To summarize, then, we have shown that there exists a global complex triad {k, m, m} whose corresponding spin coefficients κ, ρ, and σ satisfy
(Being geodesic (κ = 0) and divergence-free (ρ +ρ = 0) is, of course, independent of the complex triad used.) The virtue of this particular complex triad is the form of its shear σ in (19), which nicely simplifies the curvature identities (6), (7), (8), and (10) above. Indeed, inserting (19) into the imaginary part of (6) yields k(ω) = 0, which immediately implies that k(σ) = 0. This in turn simplifies (7) to 2σε = −Ric(m, m), which yields ωε = 0. Next, inserting (19) into (8) yields real and imaginary parts
where β = 1
(⟨∇ y x, y⟩ + i⟨∇ x x, y⟩) = 1
(div x − i div y) (the latter because ∇ k k = 0). Finally, (10) simplifies via (15) and ωε = 0 to
which in turn further simplifies, via (20), to
But this is impossible on a closed manifold with f nowhere vanishing. This completes the proof in the case that M is simply connected.
If M is not simply connected, then pass to its universal cover π : (M,g ) → (M, g), which has principal Ricci curvatures −μ, f ∘ π, f ∘ π. Repeating our argument on (M,g ) with corresponding global orthonormal basis of eigenvectors {K, X, Y}, we once again arrive at (21). Although (M,g ) need not be compact, we still obtain a contradiction, given that div Y and f ∘ π are bounded inM, and the vector field in (21) is complete. The reason is because dπ(Y) is equal to y in (18) up to sign; but as | div y | is a continuous function on M, it is bounded (observe that y in (18), though in general defined only locally when M is not simply connected, is nonetheless unique up to sign). Hence div Y is bounded inM, which contradicts (21) onM (written with respect to {K, X, Y}). Now suppose that f is a smooth function on M that never takes on the values 0, −μ, but that it does not necessarily satisfy k(f) = 0. Recalling D in (16) and (17) above (with div k reinstated), begin by defining the function
Even though f is no longer assumed to be constant, observe that the first differential Bianchi identity (11) nonetheless yields κ = 0, so that k still has geodesic flow (the second differential Bianchi identity (12) now yields k(f) = −(div k)(μ + f), to which we will return later). With κ = 0, the real and imaginary parts of (6) are, respectively,
while (7), via the identity ε +ε = 0 and the fact that Ric(m, m) = 0 in a local complex triad satisfying (13) (with f in place of λ), implies k(|σ| 2 ) = −2(div k)|σ| 2 . (Since |σ| 2 is frame-independent, so is this equation.) These three equations combine to yield the following evolution equation for H along the flow of k:
This equation implies that along any integral curve γ(s) of k, either H ∘ γ is nowhere zero or else it vanishes identically. We claim that H cannot vanish; for if it does, inserting θ(s)
The complete (non-singular) solutions to (25) are the constant solutions θ(s) = ±√2μ and (up to a constant shift of s) θ(s) = √2μ tanh(√2μs).
The second differential Bianchi identity (12) . This means that either ℓ is constant along γ, or diverges as s goes to (at least one of) ±∞. Consider the latter case. It is straightforward to show that ℓ(s) satisfies ℓ = θℓ, which together with g = −θg implies that g = c/ℓ for some constant c. But this contradicts g > μ, so we conclude that H must be a nonzero constant along all integral curves of k. Then by (24) div k = 0, which implies that k(f) = 0; but the first part of the proof showed that this is impossible.
The signature (0++)
Proof of Theorem 3. The principal Ricci curvatures of (M, g) are 0, f, f , with f not assumed to be constant. For k as given and any local complex triad {k, m, m}, the Ricci tensor satisfies
where S is the scalar curvature of (M, g) which, by assumption, is positive and satisfies k(S) = 0. We now show that k is parallel: κ = ρ = σ = 0. Inserting (27) into the differential Bianchi identities (11) and (12) yields κ = (div k) = 0 (we remark here in passing that these also follow from the contracted Bianchi identity). These in turn simplify the real part of (6) to ω 2 4 − |σ| 2 = 0.
Now we proceed as in the proof of Thereom 2: D will have zero determinant everywhere, with matrix given by
] .
We will thus look to work in a frame satisfying
the difference here being that we do not know that ω is nowhere vanishing. Now, if ω = 0, then ρ = σ = 0 and we are done. Our strategy is thus to show that the open subset
is empty. Clearly it suffices to prove this for each connected component, so we may assume that is connected. We first consider the case where is simply connected. The map D has constant rank 1 in , hence X = ker D| and its orthogonal complement Y in k ⊥ | are smooth real line bundles over . As is simply connected they have smooth global sections x ∈ Γ(X) and y ∈ Γ(Y) of unit length, which together with k form an orthonormal frame on T satisfying ∇ x k = 0. With respect to this frame, the quantities ρ and σ satisfy (28). Using κ = Ric(k, m) = 0, (8) simplifies to x(ω) = − √ 2ωβ , whose real and imaginary parts of are, respectively,
Observe that because ω is nowhere vanishing in , the second equation in (29) gives ∇ x x = 0, so that the flow of x is everywhere geodesic. The imaginary part of (6) 
where, without loss of generality, ω 0 := ω(γ(0)) can be chosen to be positive by an appropriate choice of y. By (30), θ(s) is strictly decreasing (recall that S is positive), so that θ(s) < θ 0 for all s ∈ (0, b). Hence (31) satisfies 
where the inequality is due to S > 0 and h > 0. Any positive function h on ℝ with h < 0 lies below its tangent lines, so that it must either cross zero at some point, or be everywhere constant, which is impossible as h < 0. The only way to avoid this contradiction is for to be empty. We now return to the general case when is connected but not simply connected. Lifting to the Riemannian universal covering space π :̃→ , the liftsX andỸ of X and Y have global unit length sectionsx andỹ , and k lifts to a unit length vector fieldk . The argument proceeds as before: any integral curve ofx is a geodesicγ iñ, which projects to a geodesic γ = π ∘γ in . Completeness of M applied to γ once again implies that the flow ofx is complete iñ. The argument of the previous paragraph then gives a contradiction unless̃is empty. This completes the proof that k is parallel. Finally, observe that the universal cover of (M, g) splits isometrically as ℝ ×Ñ; this follows from the de Rham decomposition theorem, see e.g. [10, Theorem 56, p. 253] and also [2] . Note that when the scalar curvature is constant, thenÑ = S 2 . If {k, m, m} is the corresponding local complex triad, then Ric(m, m) = λ and all other components are zero (with respect to {k, m, m}). Accordingly, the differential Bianchi identities (11) and (12) yield, respectively,
while the curvature identities (6) and (7) reduce to
Since β = 0 and σ is imaginary, an additional equation is provided via (10), which reads
Now suppose that ω is zero at a point p in the domain of {k, m, m}; since the imaginary part of (34) yields k(ω) = −(div k)ω as usual, ω must vanish along the (complete) integral curve γ(s) of k through p. Then by (36), |σ| 2 = |ρ| 2 = (1/4)(div k) 2 everywhere along γ (recall that both |σ| 2 and |ρ| 2 are frame-independent), so that the real part of (34) gives
where, as before, we have set θ(s) = (div k ∘ γ)(s); because k has complete flow, θ is defined for all s ∈ ℝ. Then (37) implies that θ is either identically zero or else strictly positive, but in fact the second case cannot occur: if θ > 0, then 1/θ(s) = s + b, which is a contradiction. On the other hand, if θ(s) ≡ 0, then λ = 0 by (35), which is again a contradiction. Thus we conclude that in fact ω must be nowhere vanishing on M, i.e.
(We mention in passing that this is equivalent to the 1-form g(k, ⋅ ) being a contact form on M; see below.) Next, observe that
the former via (33), (35) and ε +ε = 0, the latter via (34) (recall that |σ| 2 and |ρ| 2 are frame-independent; also, note that these equations can be defined everywhere along a given (geodesic) integral curve γ(s) of k, by parallel translating two orthonormal vectors x, y ∈ k ⊥ γ(0) along γ and writing down (38) with respect to their parallel translates). Armed with these, as well as with k(ω) = −(div k)ω, the derivative of (36) along k simplifies to give −iωk(ε) = 0, hence that k(ε) = 0 everywhere in the domain of {k, m, m}. In fact the spin coefficient ε = i⟨∇ k x, y⟩ is a constant here. This follows from setting β = κ = Ric(k, m) = 0 in (9) , to obtain m(ε) = 0, and hence that ε is a constant: ε = ic. The significance of this fact is seen by taking the real part of
where we have used the fact that σ is imaginary. In other words, the shear σ is also a constant in the domain of {k, m, m}; since |σ| 2 is frame-independent, it follows that |σ| 2 is a global constant on M. If this constant is zero, then by (35) we have λ = 0, which is a contradiction. Since it is nonzero, the first equation in (38) dictates that div k = 0, so that ρ +ρ = 0. With this established, the real part of (34) now gives |σ| 2 + ρ 2 = |σ| 2 − |ρ| 2 = 0. But this combines with (36) to yield ωε = 0, hence that ε = ic = 0, hence that λ = 0 by (39), which is again a contradiction. Thus λ cannot be constant. Now suppose that M is closed and that k, in addition to having geodesic flow, is also divergence-free, but relax the condition that the nonzero principal Ricci curvatures are constants. For clarity, let us write them now as ±f , where f > 0 is a smooth function on M. Once again, observe that with respect to any local complex triad {k, m, m},
Set ψ := Ric(m, m); then ψ is nowhere vanishing (because f is so) and also the only nonzero component of the Ricci tensor with respect to {k, m, m}. Inserting (40) into the second differential Bianchi identity (12) , as well as into the curvature identities (6) and (7), yields, respectively, (4), (5), and the fact that div k = 0). Note that ω is now a nowhere vanishing smooth function globally defined on M; we can, by considering −x if necessary, assume that ω > 0. Next, using κ = Ric(k, m) = 0, (8) simplifies to x(ω) = − √ 2ωβ , whose real and imaginary parts are, respectively,
Observe that because ω is nowhere vanishing, it follows from the second equation in (44) that ∇ x x = 0, so that the flow of x, like that of k, is everywhere geodesic (furthermore, β is real). The imaginary part of (41) yields k(ω) = 0, hence k(σ) = (i/2)k(ω) = 0, so that (42) yields ψ = −iωε; it follows that ψ = Ric(m, m) is real in the frame {k, m, m}. Finally, consider (10) . Substituting β =β = 1 √2 div x, ψ = −iωε, and |σ| 2 = |ρ| 2 into (10) yields simply
Let γ be an integral curve of x and set ℓ(s) := 1/(ω ∘ γ)(s) > 0. Then (45) and the first equation in (44) combine to yield
This implies that ψ ∘ γ must be positive, for otherwise ℓ(s) > 0 is incompatible with ℓ (s) < 0 (note that ψ can never be zero at any point, for then so would f ). Since Ric(m, m) = 0 implies Ric(y, y) = −Ric(x, x), observe that Ric(x, x) = Ric(m, m) = ψ > 0 on M; since the latter is closed, it follows that Ric(x, x) ≥ b for some positive constant b. The significance of this can be seen by considering the analogue of the curvature identity (6) for x (rather than k). In other words, for the complex triad {x, n, n}, with n := 1
√2
(k − iy) (and whose corresponding spin coefficients we distinguish with a superscript "∼", noting thatκ = 0 because x has geodesic flow), one obtains the pair of equations
But because Ric(x, x) ≥ b, these equations together imply thatω is nowhere vanishing on M, hence that
Furthermore, since x has unit length and geodesic flow, it is the Reeb vector field of g(x, ⋅ ) (i.e. the unique vector field satisfying g(x, x) = 1 and x ⌟ dg(x, ⋅ ) = 0). By the Weinstein conjecture in dimension three, see [14] , it follows that x has a closed integral curve γ(s). But on closed γ we cannot everywhere have ℓ (s) > 0, in contradiction with (46). This completes the proof when M is simply connected. If M is not simply connected, then pass to the finite-sheeted cover π : (F,g ) → (M, g) trivializing the line bundles X and Y, which is compact with principal Ricci curvatures 0, f ∘ π, −f ∘ π. Repeating our argument on (F,g ), the proof is complete.
6 Ricci solitons and the Newman-Penrose formalism
Proof of Lemma 1. In fact this result is purely local: we need only stipulate that for any p ∈ M, there be a neighborhood of p and a unit length vector field k defined on such that ( , g, k) satisfies (1). Let {k, m, m} be a local complex tetrad about p. Then a computation shows that the components of the Ricci tensor with respect to {k, m, m} satisfy
Along with (6) (and its complex conjugate), inserting these identities into the second differential Bianchi identity (12) yields |κ| 2 + |ρ| 2 + |σ| 2 = 
Since σ = 0, (54) is satisfied; since div k = 0, so is (53), provided that we set λ = S (recall that the scalar curvature is a constant). Since κ = 0, we must now show that f can be chosen to satisfy k(f) = S/2 and m(f) = 0.
Since ∇k = 0 and (M, g) is complete and simply connected, the existence of f is guaranteed by the de Rham decomposition theorem, which says that (M, g) splits isometrically as ℝ×S 2 , with k defining the vertical direction. For such an f , (M, g, f k) is then a non-Einstein shrinking Ricci soliton with λ = S (non-Einstein because (ℒ f k g)(k, k) = S/2 ̸ = 0). MEXT, Japan; this manuscript first appeared when both authors were members of the Kavli Institute for the Physics and Mathematics of the Universe (IPMU), University of Tokyo, Japan.
